In this paper, we present a formalism for the exact calculation of spectral profile of an isolated line undergoing speed-dependent collisional broadening and shifting and Dicke narrowing. It is couched in the language of the density matrix as in the closely related fields of transport phenomena, laser physics, and nonlinear optics. The formalism is ab intio in spirit, permitting the calculation of the line shape starting only from a given interaction potential. The line shape is obtained by solving a transport/relaxation equation for the off-diagonal element of the density matrix, a macroscopic quantity. The collision operator in the transport/relaxation equation, which is determined from the ͑microscopic͒ interaction between the active molecule and the perturber, is presumed known.
I. INTRODUCTION
Since the days of Boltzmann it has been recognized that the only viable treatment of systems that involve a large number of particles is in statistical terms. In this theory, a central role is played by a distribution function, which is a macroscopic quantity. For example, when one ignores the internal structure and describes the translational motion classically, the distribution function f (t,r ជ ,v ជ ) gives the probability of finding a molecule within a cell centered about a point at position r ជ and velocity v ជ at time t. The evolution of f (t,r ជ ,v ជ ) due to collisions is governed by the Boltzmann transport equation
where the velocity-changing collision operator
is given in terms of the collision kernel A(v ជ ←v ជ Ј), which describes the rate of transfer into the cell at v ជ from the cell centered at v ជ Ј. A treatment similar to Refs. ͓3,5͔, but purely classical, was given much earlier by Rautian and Sobelman ͓11͔. There is a clear advantage to using the density-matrix formalism. It permits a direct connection between the theoretical treatment of a range of subjects, such as the theory of spectral line shapes, the theory of mass transport, the theory of nonlinear optics, and the theory of gas lasers. This enlarges our understanding of physics and also allows us to borrow powerful techniques used in one area and use them constructively in another. Here, we adopt a numerical treatment used in transport phenomena, to the problem of determining the spectral line shape of an isolated line. Numerical solutions are required, since the new equation, like the Boltzmann equation is also an integral-differential equation and does not have an analytical solution without highly simplified assumptions or simple models for collision kernels ͑cf. ͓12,13͔͒.
From the practical point of view it is important to use an efficient and flexible method in the numerical calculations. It is well known that Boltzmann-like operator equations can be solved using a complete set of orthogonal basis functions. This method, which is widely used in statistical physics ͓2͔ has already been applied to the line-shape problem ͓14,15͔. Podivilov et al. ͓14͔ calculated the Dicke narrowed line shapes of ions in dense plasma. The shapes of spectral lines were calculated by Robert and Bonamy ͓15͔ in the case where collisional broadening and shifting is speeddependent. They described the translational motion using the Keilson-Storer model ͓16͔ for the collision kernel, but ignored the Doppler shift. We treat the general problem using the same well-known method ͓2,14,15͔, in principle, starting from the intermolecular interaction. We focus on the macroscopic part of the problem, i.e., on a solution of the transport/ relaxation equation for the off-diagonal elements of the density matrix assuming that the microscopic part of the problem has already been solved i.e., the collsion operator in the transport/relaxation equation has already been calculated starting from the interaction between the active molecule and the perturber. This paper is divided into a number of sections. In the second section, we present the fundamental transport/ relaxation equation describing the off-diagonal element of the density matrix. We show its connection to the absorption coefficient and transform it in order to treat it in a manner parallel to the methods commonly used to handle mass transport in statistical mechanics. In the third section, we borrow further from the theory of mass transport and convert the transport/relaxation equation into a set of coupled linear equations that is generally applicable to the case of an isolated line. In the fourth section, we specialize the formalism to the case where velocity changing collisions and dephasing collisions are statistically uncorrelated. This completes the formalism that, in principle, permits one to calculate the spectral profile of an isolated line with no adjustable parameters. We finish with a summary and conclusions.
II. TRANSPORTÕRELAXATION EQUATION
As indicated above, the theory of the shape of an isolated absorption line can be formulated in terms of the density matrix ͓5͔. For linear spectroscopy and an isolated line it is sufficient to consider a two-level system interacting with weak monochromatic electromagnetic radiation. To first order in the field E, the resonant part of the off-diagonal element of the density matrix for the active molecule Ϫ can be
where n i is the total population in the initial state i and i f is the matrix element of the dipole transition between the initial state i and the final state f. In our scalar treatment, we write the field as E exp͓Ϫi(tϪk ជ
•r ជ )͔ where is the frequency and k ជ is the wave vector. In the rotating-wave approximation (,v ជ ) satisfies the following transport/relaxation equation
where the 0 is the resonant frequency and 0 (v ជ ) describes the initial or zero-field velocity distribution of the molecules or atoms in state i. In this paper, we assume that the initial distribution is the normalized Maxwellian velocity distribu-
Here v m ϭͱ2k B T/m A is the most probable speed of the absorber, m A is the mass of the absorber, k B is Boltzmann's constant, and T is the temperature of the gas. The collision operator Ŝ describes the influence of the perturbers ͑bath͒ on the off-diagonal elements of the density matrix of the active molecules. It is proportional to the density of perturbers.
From a solution for the density-matrix operator , one can readily find the polarization, P, ͑dipole moment per unit volume͒ using PϭTr͓ ͔, where is the dipole operator. With known to the first order in E it follows that P can be written as E, where is the complex susceptibility, the imaginary part of which is related to the absorption coefficient ͓5͔. It follows that the line-shape function ͑normalized to unity͒ describing the dependence of the absorption on the frequency of absorbed radiation can be calculated as the real part of a velocity integral and written as
The imaginary part of this integral is related to the function describing the frequency dependence of the index of refraction ͓5͔.
As in the treatment of the diagonal element of the density matrix in statistical mechanics it is useful to express the offdiagonal element (,v ជ ) as
and to define the operator Ŝ f ͑which is related to the collision operator Ŝ ) by the equation
If we insert Eq. ͑6͒ into Eq. ͑4͒ we obtain
which can be used to determine the function h(,v ជ ). A very similar equation was given much earlier and applied to investigate the dynamics of time-dependent processes in simple classical fluids ͓2,17͔. Furthermore, if we define the scalar product (a,b) of functions a(v ជ ) and
then Eq. ͑5͒ for the shape of line can be written as
Thus, there is a direct connection between the solution of Eq. ͑8͒ and the spectral profile. However, as indicated above, there are no known analytical solutions to Eq. ͑8͒ for a collision operator containing speed-dependent effects and a physically realistic treatment of the translational motion. In this case, only a numerical approach to the line-shape problem is viable. The expression for the shape of a line, Eq. ͑10͒ is very close to the expression for the self-structure factor used in statistical physics ͓2͔.
III. SYSTEM OF COMPLEX LINEAR EQUATIONS
The complexity of the collision operator Ŝ or Ŝ f dictates that we use an efficient numerical method for solving the transport/relaxation equation. It is well known in quantum and statistical mechanics that a solution to this kind of operator equation can be found using a complete set of orthogonal basis functions. Then the operator equation is replaced by an infinite system of ͑complex͒ linear equations.
Let us use an infinite set of orthonormal functions s (v ជ ), where sϭ0,1,2, . . . , in which 0 (v ជ )ϭ1. It is useful to introduce the following ''matrix element'' notation ͗s͉sЈ͘ϭ͑ s , s Ј ͒ϭ␦ s,s Ј ͑11͒ and ͗s͉Â ͉sЈ͘ϭ͑ s ,Â s Ј ͒.
͑12͒
In terms of the basis functions, we can write the function h(,v ជ ) as
where the expansion coefficients c s () depend on the frequency, . 
͑16͒
This means that the matrix S f can be obtained directly from the operator Ŝ . Inserting Eq. ͑13͒ into Eq. ͑10͒ we have ͓2,15͔
Thus, the line shape can be evaluated if the solution to the set of algebraic equations is known. A variety of techniques ͓2͔ have been used in statistical mechanics to find approximate solutions to equations like Eq. ͑14͒. In this application to the line-shape problem, we simply limit the infinite set to the finite set s ϭ0,1,2, . . . ,s max and we represent all operators by matrixes defined in this subspace. Solving this finite set of algebraic equations yields an approximate spectral profile. The approximated shape of line tends to the exact profile as s max →ϱ. The quality of this approximation depends directly on the choice of the subset of functions s (v ជ ) and on the dimension, s max ϩ1. The dimension can be chosen relatively small if we find the basic set of functions with fast convergence. Thus, the general problem of determining a line shape is reduced to the art of choosing a set of basis functions and a practical value of s max .
As presented Eq. ͑14͒ is specific to each frequency so that the spectrum is evaluated point by point. As in line mixing ͓18͔ and Dicke narrowing ͓19͔, there is a way around this inconvenience, by applying a well-known diagonalization procedure to Eq. ͑14͒. For the sake of brevity we do not do that here.
